We examine supersymmetric solutions of N = 2, D = 5 gauged supergravity coupled to an arbitrary number of abelian vector multiplets using the spinorial geometry method. Using this formalism, we prove that there are no solutions preserving exactly 3/4 of the supersymmetry. 1
Introduction
Lots of research activity has been devoted recently to the analysis and the study of black holes and other gravitational configurations in N = 2, D = 5 gauged supergravity coupled to n abelian vector multiplets [1] . It can be said that this, to a large extent, has been motivated by the AdS/CFT conjectured equivalence [2] . For example, string solutions preserving 1/4 of supersymmetry have been found in [3] . Examples of 1/2 supersymmetric solutions are the domain wall solutions in [3] , as well as the solutions given in [4] , [5] , [6] and [7] which correspond to black holes without regular horizons, i. e., the solutions either have naked singularities or closed timelike curves.
More recently, motivated by the method of [8] , a systematic approach has been employed in order to classify 1/4 supersymmetric solutions of the minimal gauged five dimensional supergravity [9] . The basic idea is to assume the existence of a Killing spinor, (i.e., to assume that the solution preserves at least one supersymmetry) and construct differential forms as bilinears in the Killing spinor. The algebraic and differential conditions satisfied by these forms are sufficient to determine the local form of the space-time metric and the rest of the bosonic fields of the theory. This general framework provides a more powerful method for obtaining many new interesting black holes than the method of guessing an Ansätze. The first examples of explicit 1/4 supersymmetric regular asymptotically AdS 5 supersymmetric solutions were given in [10] . The classification of 1/4 supersymmetric solutions and more explicit regular solutions of the gauged supergravity with vector multiplets were later given in [11, 12] . Further solutions were considered in [13] and [14] .
The results obtained in the literature so far seem to have focused mainly on the classification of supersymmetric solutions of N = 2, D = 5 gauged supergravity which preserve 2 of the 8 supersymmetries. In N = 2, D = 5 gauged supergravity, it is known that the only solution which preserves all 8 of the supersymmetries is AdS 5 with vanishing gauge field strengths and constant scalars. Moreover, the Killing spinor equations are linear over C when written in terms of Dirac spinors. Hence it follows that supersymmetric solutions of this theory preserve either 2, 4, 6 or 8 of the supersymmetries.
In particular, this immediately excludes the possibility of solutions preserving exactly 7/8 of the supersymmetry. Such solutions would be lower-dimensional analogues of hypothetical preon solutions in D = 11 supergravity [15] , which, if possible, preserve 31/32 of the supersymmetry. Properties of preons in ten and eleven dimensions have also been investigated in [16, 17, 18, 19, 20] .
Having eliminated the possibility of preonic solutions of N = 2, D = 5 gauged supergravity, it is natural to investigate whether solutions preserving the next highest proportion of supersymmetry, i.e. exactly 3/4 supersymmetric solutions, can exist. In this paper, we present a proof that such solutions also do not exist. In order to construct the non-existence proof, it will be particularly useful to consider the spinors as differential forms [21, 22, 23] . This method of writing spinors as forms has been used to classify solutions of supergravity theories in ten and eleven dimensions (see for example [24, 25, 26, 20] .)
The plan of the paper is as follows. In Section 2, we review some of the properties of five-dimensional gauged supergravity coupled to abelian vector multiplets. In Section 3, we show how spinors of the theory can be written as differential forms, and how the Spin(4, 1) gauge freedom present in the theory can be used to reduce a spinor to one of three "canonical" forms. We also define a Spin(4, 1)-invariant non-degenerate bilinear form B on the space of spinors. In Section 4, we show how solutions preserving 3/4 of the supersymmetry can be placed into three classes according as to the canonical form of the spinor which is orthogonal (with respect to B) to the Killing spinors. For each class of solutions, we prove that the algebraic Killing spinor equations constrain the solution in such a manner that the solution reduces to a solution of the minimal gauged five-dimensional supergravity. Finally, in Section 5, we show that for all three possible types of solution, the integrability conditions of the Killing spinor equations in the minimal five-dimensional gauged supergravity fix the gauge field strengths to vanish, and constrain the spacetime geometry to be AdS 5 . However, it is known that AdS 5 is the unique maximally supersymmetric solution of this theory. It therefore follows that there can be no exactly 3/4 supersymmetric solutions of N = 2, D = 5 gauged supergravity coupled to arbitrary many vector multiplets.
N = 2, D = 5 supergravity
In this section, we review briefly some aspects of the N = 2, D = 5 gauged supergravity coupled to n abelian vector multiplets. The bosonic action of this theory is [1] 
where I, J, K take values 1, . . . , n and F I = dA I . C IJK are constants that are symmetric on IJK; we will assume that Q IJ is invertible, with inverse Q IJ . The metric has signature (+, −, −, −, −). The X I are scalars which are constrained via
We may regard the X I as being functions of n − 1 unconstrained scalars φ a . In addition, the coupling Q IJ depends on the scalars via
where
The scalar potential can be written as
where V I are constants. For a bosonic background to be supersymmetric there must be a spinor ǫ for which the supersymmetry variations of the gravitino and the superpartners of the scalars vanish. We shall investigate the properties of these spinors in greater detail in the next section. The gravitino Killing spinor equation is
and the algebraic Killing spinor equations associated with the variation of the scalar superpartners is
We shall refer to (2.8) as the dilatino Killing spinor equation. We also require that the bosonic background should satisfy the Einstein, gauge field and scalar field equations obtained from the action (2.1); however we will not make use of these equations in our analysis, as it will sufficient to work with the Killing spinor equations alone.
Spinors in Five Dimensions
Dirac spinors in five dimensions can be written as complexified forms on R 2 (this construction is also given in an appendix of [27] ). The space of these spinors will be denoted ∆ = Λ * (R 2 ) ⊗ C. A generic spinor η can therefore be written as
where e 1 , e 2 are 1-forms on R 2 , and i = 1, 2; e 12 = e 1 ∧ e 2 . λ, µ i and σ are complex functions.
The action of γ-matrices on these forms is given by
and satisfies
The charge conjugation operator C is defined by
where ǫ ij = ǫ ij is antisymmetric with ǫ 12 = 1. We note the useful identity
It will be particularly useful to complexify the gamma-operators via
Gauge transformations and canonical spinors
There are two types of gauge transformation which can be used to simplify the Killing spinors of this theory. First, there are U(1) gauge transformations of the type ǫ → e iθ ǫ (3.10)
for θ ∈ R, and there are also Spin(4, 1) gauge transformations of the form
Note in particular that 1 2 (γ 12 + γ 34 ), 1 2 (γ 13 − γ 24 ) and 1 2 (γ 14 + γ 23 ) generate a SU(2) which leaves 1 and e 12 invariant and acts on e 1 , e 2 ; whereas 1 2 (γ 12 − γ 34 ), 1 2 (γ 13 + γ 24 ) and 1 2 (γ 14 − γ 23 ) generate another SU(2) which leaves the e i invariant but acts on 1 and e 12 . In addition, γ 03 generates a SO(1, 1) which acts (simultaneously) on 1, e 1 and e 2 , e 12 , whereas γ 04 generates another SO(1, 1) which acts (simultaneously) on 1, e 2 and e 1 , e 12 .
So, one can always use Spin(4, 1) gauge transformations to write a single spinor as ǫ = f 1 (3.12) or ǫ = f e 1 (3.13) or
for some real function f .
A Spin(4, 1) invariant bilinear form on spinors
In order to analyze the 3/4 supersymmetric solutions it is necessary to construct a non-degenerate Spin(4, 1) invariant bilinear form on the space of spinors. We first define a Hermitian inner product on the space of spinors via
summing over α = 0, 1, 2, 3. However, , is not Spin(4, 1) gauge-invariant. We define a bilinear form B by
for all spinors η, ǫ.
The last of the above constraints implies that B is Spin(4, 1) invariant. Note that B is linear over C in both arguments. B is also non-degenerate: if B(ǫ, η) = 0 for all η then ǫ = 0.
3/supersymmetric solutions
We now proceed to examine solutions preserving six out of the eight allowed supersymmetries. This implies the existence of three Killing spinors, which we shall denote by ǫ 0 , ǫ 1 , ǫ 2 , which are linearly independent over C.
Suppose we denote the span (over C) of ǫ 0 , ǫ 1 , ǫ 2 by W . Any complex threedimensional subspace of C 4 can be uniquely specified by its one (complex) dimensional orthogonal complement with respect to the standard inner product on C 4 . It follows that one can specify W via its orthogonal complement with respect to B. If the one dimensional B-orthogonal subspace to W is spanned byǫ, one has
for some fixed non-vanishingǫ ∈ ∆. As B is Spin(4, 1) invariant, it will be most convenient to use a Spin(4, 1) gauge transformation in order to write the spinorǫ in one of the three canonical forms; i.e. eitherǫ = 1, orǫ = e 1 orǫ = 1 + e 1 (up to an overall scaling which plays no role in our analysis and can be removed). Ifǫ = 1 then W is spanned by η 0 = 1, η 1 = e 1 , η 2 = e 2 . Ifǫ = e 1 then W is spanned by η 0 = 1, η 1 = e 1 , η 2 = e 12 . Ifǫ = 1 + e 1 then W is spanned by η 0 = 1,
In all cases the Killing spinors ǫ 0 , ǫ 1 , ǫ 2 are related to the spinors η A for A = 0, 1, 2 via
where z is a complex 3 × 3 matrix such that det z = 0.
Reduction to Minimal Solutions
The first stage in the analysis is to show that the dilatino Killing spinor equations (2.8) imply that the 3/4 supersymmetric solutions correspond to solutions of the minimal theory. In particular, we shall show that the scalars X I must be constant, that there exists a nonzero real constant ξ such that
and that the 2-form field strengths F I satisfy
where H is a closed 2-form.
To show this we first note that the algebraic constraints (2.8) are linear over C.
for A = 0, 1, 2. In order to compute (4.5), it is first useful to evaluate (2.8) acting on the spinor λ.1 + µ p e p + σe 12 . We obtain
and
where µq ≡ δq p µ p , and we have defined H = X I F I . (4.6), (4.7), and (4.8) correspond to the 1, e q and the e 12 components of (2.8) respectively.
Solutions with B-orthogonal spinors to 1
For solutions with spinors ǫ A such that B(ǫ A , 1) = 0, we compute the constraints obtained from (4.5), taking η 0 = 1, η 1 = e 1 , η 2 = e 2 ; using (4.6)-(4.8) to read off the components of the constraints.
Evaluating (4.6) on η 0 = 1 we find the constraint
Splitting this expression into its real and imaginary parts we find ∂ 0 X I = 0 (4.10)
Evaluating (4.6) on η m = e m we find
Next, we evaluate (4.8) acting on η 0 = 1, to find the constraint F I mn = X I H mn (4.13) and the constraint from (4.8) acting on η m = e m is equivalent to (4.12) . Finally, we evaluate (4.7) acting on η 0 = 1 to find
and evaluating (4.7) acting on η q = e q we find
First compare (4.12) with (4.14), to find
This, together with (4.10) implies that the X I are constant. Substituting back into (4.12) we find
Next take the trace of (4.15) to obtain the constraint
This is equivalent to
Hence, if V J X J = 0 at any point, then V I = 0 for all I. As we are interested in solutions of the gauged theory, we discard this case. Hence there is a non-zero constant ξ such that X I = ξV I . Finally, substituting this back into (4.15) we find
Hence we have the identity
which completes the reduction of these solutions to solutions of the minimal theory.
Solutions with B-orthogonal spinors to 1 + e 1
For solutions with spinors ǫ A such that B(ǫ A , 1 + e 1 ) = 0, we compute the constraints obtained from (4.5), taking η 0 = 1, η 1 = e 1 , η 2 = e 12 − e 2 ; using (4.6)-(4.8) to read off the components of the constraints. Evaluating (4.6) on η 0 = 1 we find the constraint
Splitting this expression into its real and imaginary parts we find ∂ 0 X I = 0 (4. 25) and and on η 1 = e 1 we obtain (simplifying using (4.25))
and on η 2 = e 12 − e 2 we obtain
This expression can be further simplified using (4.29) to give
Combining this expression with (4.30) we obtain
Taking the trace we find that which completes the reduction of these solutions to those of the minimal theory.
Solutions with B-orthogonal spinors to e 1
For solutions with spinors ǫ A such that B(ǫ A , e 1 ) = 0, we compute the constraints obtained from (4.5), taking η 0 = 1, η 1 = e 1 , η 2 = e 12 ; using (4.6)-(4.8) to read off the components of the constraints. Evaluating (4.6) on η 0 = 1 we find the constraint
Splitting this expression into its real and imaginary parts we find
and 
Comparing (4.46) with (4.55) implies that
As the X I are constant, this constraint implies, using the reasoning in the previous sections, that there exists a non-zero constant ξ such that which completes the reduction of these solutions to solutions of the minimal theory.
3/4-supersymmetric solutions of the minimal theory
Having shown that all 3/4 supersymmetric solutions correspond to solutions of the minimal theory, it remains to consider the gravitino Killing spinor equations of the minimal theory obtained from (2.7). We substitute
into (2.7) and define A by
so that H = dA, with F I = X I H. Lastly, it is convenient to defineχ = χξ −1 , and then drop the hat. In order to analyze these solutions, we shall consider the integrability conditions associated with (2.7). These can be written as
In all cases, we shall show that the integrability conditionR M N η A = 0 for A = 0, 1, 2 can be used to obtain constraints involving only T 2 , T 1 and H. These constraints are sufficient to fix H = 0, and so T 1 = T 2 = S 1 = 0. Furthermore, in all cases, the integrability conditions then imply that S 2 = 0, or equivalently
This implies that the spacetime geometry is AdS 5 . However, it is known that AdS 5 is the unique maximally supersymmetric solution of this theory. Hence there can be no solutions preserving exactly 3/4 of the supersymmetry.
In the following sections, we present the integrability constraints used to prove this for all three possible types of 3/4 supersymmetric solutions, according as whether the Killing spinors ǫ A are orthogonal to 1, 1 + e 1 or e 1 . In what follows it will be convenient to suppress the MN indices in the tensors S 1 , S 2 , T 1 , T 2 and H, though these will be re-introduced explicitly in several places.
Minimal Solutions with B-orthogonal spinors to 1
The integrability constraints obtained by requiring thatR M N 1 = 0 are
and the integrability constraints obtained by requiring thatR M N e p = 0 are
From these constraints it is straightforward to show that
and (T 2 ) pq = 0 (5.15)
Hδ pq (5.16) and
To proceed, note that imposing the constraint (T 1 M N ) 0 = 3χ 2 H M N for all possible M, N forces all components of H to vanish. Hence H = S 1 = T 1 = T 2 = 0, and by the above constraints it follows that S 2 = 0 also. This implies that the spacetime geometry is AdS 5 .
Minimal Solutions with B-orthogonal spinors to 1 + e 1
The integrability constraints obtained by requiring thatR M N (e p − δp 2 e 12 ) = 0 are
From these constraints we obtain (S 2 ) mn = i(T 2 ) mn (5.20) (5.25) and from the last constraint in (5.19) we find
Choosing p = 2 in the above constraint allows us to express H in terms of components of T ;
Evaluating this constraint for all possible choices of M, N forces all components of H to vanish. Hence H = S 1 = T 1 = T 2 = 0, and by the above constraints it follows that S 2 = 0 also. This implies that the spacetime geometry is once more AdS 5 .
Minimal Solutions with B-orthogonal spinors to e 1
i(S 2 ) 0n − i(S 1 )n − (T 2 ) 0n + (T 1 )n = 0 (S 2 )mnǫmn + i(T 2 )mnǫmn = 0 . We also find the constraints (S 2 ) 01 = (S 1 ) 1 = −i(T 2 ) 01 = −i(T 1 ) 1 (5.36) and (S 2 ) 02 = (S 1 ) 2 = i(T 2 ) 02 = i(T 1 ) 2 .
(5.37)
Finally note that imposing the constraint (T 1 M N ) 0 = − 3χ 2 H M N for all possible M, N forces all components of H to vanish. Hence H = S 1 = T 1 = T 2 = 0, and by the above constraints it follows that S 2 = 0 also. This implies that the spacetime geometry is again AdS 5 .
Conclusion
In conclusion, we have studied configurations preserving 3/4 of supersymmetry for the theory of N = 2 five-dimensional gauged supergravity coupled to abelian vector multiplets. In our analysis we have employed the method of writing spinors of the theory as differential forms. By exploiting the Spin(4, 1) gauge freedom, it was shown that solutions preserving 3/4 of the supersymmetry can be placed into three classes. For each class of solutions, the algebraic Killing spinor equations, coming from the vanishing of the dilatino supersymmetric variations, reduce our solutions to that of the minimal gauged five dimensional supergravity. Furthermore, using the integrability conditions of the Killing spinor equations coming from the vanishing of the gravitino supersymmetric variations, it was shown that the gauge field strengths must vanish. This means that the spacetime geometry is the unique maximally supersymmetric AdS 5 and therefore there are no exactly 3/4 supersymmetric solutions of five dimensional supergravity coupled to arbitrary many vector multiplets.
